Oscillons are bound states sustained by self-interactions that appear in rather generic scalar models. They can be extremely long-lived and have a built-in formation mechanism -parametric resonance instability. These features suggest that oscillons can affect the standard picture of scalar ultra-light dark matter (ULDM) models. We explore this idea along two directions. First, we investigate numerically oscillon lifetimes and their dependence on the shape of the potential. We find that scalar potentials that occur in well motivated axion-like models can lead to oscillons that live up to 10 8 cycles or more. Second, we discuss the observational constraints on the ULDM models once the presence of oscillons is taken into account. For a wide range of axion masses, oscillons decay around or after matter-radiation equality and can thus act as early seeds for structure formation. We also discuss the possibility that oscillons survive up to today.
Introduction
In our Universe, a variety of visible structures with different length scales form as aggregates of smaller constituents that are kept together by the gravitational force. This is the case for planets, stars, solar systems and galaxies. The formation of bound objects is of course generic to any attractive interaction, and it is natural to wonder what would be the effect of self-interactions in the dark matter sector. Very much like gravity for visible matter, attractive self-interactions must lead to the formation of dark structures which can have important observational consequences.
Nontrivial bound states arise in the simplest field theory that one can imagine: a real scalar field with an attractive self-interaction. The bound objects in this case are then usually called oscillons. Interestingly, for very light scalar mass m, this class of models also offers a viable and well motivated dark matter candidate, what is usually dubbed scalar Ultra Light Dark Matter (ULDM) [1, 2, 3, 4, 5, 6, 7, 8, 9] . In this framework, then, dark matter can form by itself structures with rather definite properties (mass, size, lifetime). This paper is devoted to the study of how self-interactions affect the usual picture of ULDM, where they are mostly neglected even though in many models they are present or implicit. The most important effect of the attractive self-interactions is that at some point oscillons arise as part of the dark sector.
Oscillons are localized and oscillating configurations of a real scalar field, which are sustained solely by self-interactions [10, 11, 12] . The most relevant ones are spherically symmetric φ = φ(t, r), so one can present them as solutions of the Klein-Gordon equation in flat spacetime with a nonlinear potential, φ(t, r) − ∂ 2 r φ(t, r) − 2 r ∂ r φ(t, r) + V (φ(t, r)) = 0 .
Since a real scalar field carries no conserved charge, oscillons are unstable 1 : they lose energy even classically by emitting radiation in the form of scalar waves, and eventually decay into a 'wave-packet' that diffuses away (we show the energy density profile of an oscillon with its radiated waves in Fig. 1 ). Nevertheless, depending on the strength and type of self-interactions, the radiation rate can be extremely slow, thereby leading to large oscillon lifetimes τ m −1 and making them potentially very interesting for cosmology.
There is a considerable amount of literature on the topic of oscillons treating the conditions for them to appear, how can they be understood as attractors of the dynamics and trying to understand what determines their longevity, see e.g. [15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31] for a partial list of relevant work. For the purpose of elucidating their impact on cosmology, there are two basic requirements that guarantee that at some point oscillons will be present. On the one hand, the field needs to start out from a sufficiently inhomogeneous configuration. On the other hand, the scalar potential V (φ) needs to contain attractive self-interactions; more precisely, it should exhibit regions which are flatter than quadratic, i.e. V < m 2 φ, otherwise self-interactions cannot sustain the localized overdensity. Both conditions are satisfied in a range of well-motivated models. The first example is the QCD axion model with V (φ) = m 2 F 2 (1 − cos (φ/F )), which is known to exhibit oscillon solutions, also referred to as axitons [32, 33] (see also [34] for the formation of so-called miniclusters and [35, 36] for recent simulations). In this model, however, oscillons are not very long-lived: their lifetimes are typically 'only' of order τ ∼ 10 3 m −1 .
Still, in the zoo of models that give rise to ultra-light scalars, a much richer variety of potentials has been considered. For instance, in so-called axion monodromy [37, 38] constructions arising from string theory, the scalar potential can asymptote to a power-law behaviour at large field values V (φ) ∼ φ 2p , with a variety of exponents p available in the market [39] . Having in mind this class of axion models, we will consider as a benchmark a family of scalar potentials that allows to make contact with these UV models while being simple enough to do a careful numerical study of the oscillon longevity. Specifically, we will take
which is expected to lead to oscillons for p < 1. In this parameterization, there are two rather distinct cases. When 0 ≤ p < 1, the potentials are of axion-monodromy form since for φ F the potential grows as a power law. For p < 0 instead, the potential saturates at large field values and exhibits a plateau region, see Fig. 2 .
The requirement to have initially inhomogeneous configurations is also automatically realized in this kind of ULDM model. The mechanism goes as follows: since the scalar is very light, it remains stuck because of Hubble friction during a large portion of the cosmological history. Assuming that the field is already present but subdominant during inflation, then the latter stretches it out to a very homogeneous value which does not need to coincide with the minimum of the potential. Well into the radiation era, the field is then going to roll down its potential and produce a homogeneous but time dependent background φ(t). Crucially, the homogeneous oscillations following from a potential of the form (2) with p < 1 lead to a parametric resonance instability of the vacuum fluctuations around φ(t): certain modes grow exponentially until the field has dumped a large fraction of its energy density into inhomogeneities. The condition that ensures that oscillon solutions form also guarantees that the homogeneous configuration is unstable. Therefore potentials like (2) (with p < 1) are equipped with a fragmentation mechanism whereby the homogeneous configuration is transformed into an admixture of oscillons and scalar radiation. Numerical simulations of this process show that in many cases the initial energy density goes in equal proportions to oscillons and small amplitude scalar waves [40, 41] .
These appealing features of ULDM models with potentials (2) motivate the present study, which proceeds along two different directions. First, we focus on the formation and evolution of oscillons. To this aim, we perform a linear Floquet analysis of the potentials (2) and describe under which conditions parametric resonance provides the right ground to form oscillons. We then numerically follow the evolution of a single oscillon configuration, according to (1) . By also adding Hubble friction, we show that oscillons are essentially unaffected by the cosmological expansion, as they form with sizes which are significantly smaller than the Hubble radius at the time of formation. Thus, they can be considered as bound objects which are decoupled from the Hubble flow, very much like any gravitationally bound system in the late Universe. We aim in particular at establishing oscillon lifetimes and their dependence on the exponent p in (2) . Very interestingly, while we succeed in doing so for p ≥ 0, we are only able to put a lower bound on the lifetime for p < 0, due to our current numerical reach. The oscillons which we investigate are the longest-lived ever encountered, with lifetimes of order 10 8 m −1 and even larger in the case p < 0.
These findings motivate the second part of our study, which deals with the observational impact of oscillons for dark matter models. Indeed, while oscillons form during the radiation dominated era from scalar field oscillations, for sufficiently small scalar masses they live up to and beyond the epoch of matter-radiation (MR) equality. Thus, they can potentially leave an important imprint on cosmology, either by serving as seeds for early structures or even by possibly making up a significant fraction of the dark matter today. These possibilities are especially likely to occur in the mass range which has been recently investigated in the context of fuzzy DM models [4, 9] . Here, we try to make contact with another peculiarity of this class of DM candidates, by proposing oscillons as early seeds for the well-known solitons of ULDM, which are however sustained by gravity (see [42, 43, 44, 45] for more recent studies), in contrast with the objects which we focus on in this work. We thus describe constraints on different scenarios with dark matter made of two components, at least during a part of the cosmological history: field oscillations around the minimum of the potential and MACHO-like oscillons, with masses which increase as F increases and m decreases and span the range 10 −12 M to 10 8 M . The energy of these oscillons is concentrated in a region of size set by the inverse scalar mass, ranging between asteroid and galactic core scales as m decreases. One of the main points of this paper is thus that future numerical and analytic studies of scalar DM, and in particular of ULDM (see e.g. the simulations of [8] ), should take into account the presence of overdensities on the scales of the oscillon size. This may lead to important changes in current constraints on these scenarios (see e.g. [46] ). Before moving on to the main content, let us put our work into context. The potentials (2) with p > 0 have been studied in the framework of inflation and arise in string-theoretical constructions of axion inflation [37, 38] . In some cases these potentials can be seen as representing theories with multi-branched potentials (see [47, 48] and [49, 50, 51, 52] ). Parametric instability and formation of oscillons during reheating after inflation has also been investigated in these setups [23, 25, 53, 40] . Potentials with a plateau at large field values can also be obtained and are also used for inflation [54, 55, 56, 57, 58, 59] . Their instabilities and the generation of oscillons have been studied in [41, 60] and in [61] , which also discuss some aspects of plateau-like potentials for ULDM models. Furthermore, in the interesting proposal [62] , oscillons play a key role for dark matter, as 'mothers' to primordial black holes: at end of inflation oscillons from the inflaton field may dominate for long enough to form black holes which in the end account for dark matter.
This paper is organized as follows: in Sec. 2 we study the conditions under which parametric resonance is efficient (2.1); we numerically determine oscillon lifetimes (2.2); finally we discuss the decay of an oscillon and its possible transition to a gravitationally-sustained soliton (2.3). We devote Sec. 3 to the observational implications of long-lived oscillons, separately discussing the cases of decay after (3.1) and before (3.2) MR equality. We discuss the possibility for oscillons to survive until today in Sec. 3.3. Finally, we offer our conclusions in Sec. 4.
2 Life and death of an oscillon
Birth
Oscillons are born out of inhomogeneous field configurations, which can originate from different mechanisms. On the one hand, one can consider a (pseudo)scalar field which is inhomogeneous from the very beginning of its cosmological history, as a result e.g. of a phase transition which leaves behind topological defects. This is the case of the QCD axion if the PQ symmetry is broken after inflation (see [32, 33] ).
Alternatively, the scalar field can originally be homogeneous in the reheated universe and fragment into oscillons later during its evolution. This possibility is particularly relevant for axion fields with very large F , since in this case the PQ symmetry is broken during inflation, and will be the focus of this section. Starting from field values of O(F ), the time evolution of the homogeneous field then follows the nonlinear equation
The way how the homogeneous field oscillations settle-in depends on the form of V (φ) (see e.g. [63] and references therein). Let us denote by φ 0 the amplitude of oscillations once they start. A good criterium for the Hubble rate at the beginning of the field oscillations is given by [41] 
The latter equation is a natural replacement for the criterium H osc m for general nonlinear potentials. Notice that for φ 0 F or for potentials which are very flat beyond φ F , one has H osc m. Otherwise, H osc m, as usual. Crucially for us, potentials of the form (2) support the phenomenon of parametric resonance: fluctuations of the initially homogeneous field can grow exponentially as the background field undergoes slow oscillations. Once a given mode becomes large enough, its further growth is prevented by backreaction of other modes and the resonant phase stops, leaving behind the desired highly inhomogeneous field configuration.
Here we want to assess the conditions under which parametric resonance can be strong enough for the potentials (2) (see also [40] for a recent study in the inflationary context). Let us then perform a linear analysis of the fluctuations, defined by φ ≡ φ(t) + δφ(x, t). The equations of motion of the linear fluctuations in Fourier space are
where k = |k| and a ≡ a(t) ∼ t 1/2 . Let us first neglect Hubble friction, setting H = 0 and a = 1 in (3) and (5) . The motion of the background field in the potential (2) is periodic with period T for any value of p and in particular harmonic for p = 1. The second derivative of the potential, which acts as source in the equation for the fluctuations, is then also periodic, with period T /2. Therefore, (5) is in the form of Hill's equation (see e.g. [64] and the appendix of [65] for a review in the context of reheating). The solution to this equation is of the form δφ k ∼ e µ k t P (t), where P is periodic with period T /2 and µ k is in general a complex number.
If (µ k ) > 0, then the k-th mode grows exponentially, signaling an instability. This occurs if V (φ) is flatter than quadratic in some region of field space. Once δφ k ∼ φ, the linear analysis breaks down and one needs to include backreaction of the other modes. For our purposes, the strength of the resonance can be understood by looking at the values of µ k as a function of k and φ 0 (see the appendix of [65] for a computational method), plotted in Fig. 3 for p = ±1/2. In both cases the largest growth occurs in a broad band around k m/2 and φ 0 ∼ 2F . The case p = −1/2 is characterized by many more bands than p = 1/2 and the region of parameter space where µ k is largest is smaller compared to p = 1/2. In both cases, the maximal size of the Floquet exponent is O(0.1)m.
Let us now restore Hubble friction in (3) and (5) . This leads to two effects: firstly, it introduces the time scale H −1 to which we have to compare µ
1 then strong resonance can indeed occur. Otherwise, the field remains approximately homogeneous. Secondly, each mode k now redshifts as a −1 , thereby moving across the parameter space in However, as the Universe expands the Hubble rate decreases as t −1 , while the background amplitude decreases more slowly, in particular as ∼ a −3(1+w) ∼ t −3/4(1+w) with w 0. Therefore, the ratio µ k (φ(t))/H(t) can become large and parametric resonance efficient at some time t res > t osc . Numerically, we find that for p = ±1/2, µ k (φ)/H 10 in the broad bands of Fig. 3 for φ 0 /F 10, signaling that strong resonance does occur for mildly large initial values of the axion field.
2 This is in contrast with the case of parametric resonance during reheating, where one needs φ 0 100F to have efficient resonance [25, 66] . Let us now address the second effect. To this aim, we compute numerically the evolution of some modes according to (3) and (5) . Because of the redshift, we now find that the most amplified modes have k 2m and that φ 0 10 is indeed enough for these modes to reach δφ k ∼ φ. In Fig. 4 we show the resonant amplification of three modes with initial amplitude δφ k (t osc ) = 10 −5 φ 0 for φ 0 = 15 F and p = ±1/2. We observe that strong resonance does This simple linear analysis probably overestimates the final values of the field fluctuations. However, the large values close to F which we find are in principle not necessary to form oscillons, as we now explain. Parametric resonance generically leaves behind localized, approximately spherically symmetric overdensities, whose typical length scale is given by 2π/(k/a), with k/a m at the time of amplification, as can be seen from Fig. 3 . A convenient parametrization of the initial spatial profiles of such lumps, which also turns out to match well the final oscillon shapes, is given by the tendency to raise the core amplitude and form oscillons is clear (see [31] for a recent study along similar lines). This occurs for sufficiently large values of σ, such as those that we expect from parametric resonance. In the next subsection, we will see that the new overdensity is stable across a time scale which is much larger than the one investigated in Fig. 5 .
3 Therefore, φ 0 ∼ 10F is enough to generate long lived localized field configurations.
Lifetime
We now focus on the dynamics of a single oscillon, which is characterized by the very slow classical radiation of scalar waves. This can be investigated by numerically evolving the oscillon profile according to the full non-linear equation of motion (1) . In general oscillons also emit quantum radiation, that is, they can decay by quantum mechanical processes. In the purple region, axion lumps decay away soon after formation.
However, quantum radiation is always suppressed by coupling constants. Assuming that the couplings to any other particles is small, then, one can consistently neglect this radiation. Quantum emission of scalar quanta is also suppressed by m 2 /F 2 [24, 67] , which is very small in the ULDM setup which we focus on. This justifies our focus on classical processes. Oscillons can be understood as being attractors of inhomogeneous field configurations [68] . This can already be appreciated in Fig. 5 , where by starting with a profile according to (6) , one still finds a localized solution after time t = 10 4 m −1 . Of special relevance is the fact that the field amplitude at the core φ c after such time is in general φ c > A, meaning the field has reorganized its energy density until it has found another profile which is preferred by the dynamics. Such a profile is an attractor of the dynamics and is none other than the oscillon. By means of a simple fit, one finds that the shape of this object is very well described by (6), albeit with different A and σ than the ones it started with. It is also worth mentioning that the attractor profile is insensitive to specific initial conditions as long as the field is sufficiently inhomogeneous. This result motivates starting our numerical evolution with the profile (6). For random A and σ, however, one would have to spend some computational time until the field relaxes into the real oscillon configuration. In order to reduce this waiting time we use a shooting algorithm that allows us to find the σ closest to an oscillon configuration once an A has been fixed. We are thus left only with the choice of the initial amplitude A, which could result in different lifetimes.
Intuitively, the smaller A, the smaller the lifetime. However, starting with a larger amplitude does not result in a dramatic longevity increase. This is illustrated in Fig. 6 for the case p = 1/2 and manifestly illustrates the existence of a basin of attraction to which inhomoegenous field configurations quickly tend to. Although we have used p = 1/2 as a representative example, we have checked that this result is model-independent.
Together with the core field value φ c , the defining properties of an oscillon are its radius R osc ; its total mass M osc ; and main oscillating frequency ω osc . Their scalings with the model parameters are:
Their precise numerical values slowly depend on time and are model dependent. The goal of this section is to estimate these when the oscillon is on the verge of decaying as well as the oscillon lifetime. Again, we will make a distinction between p < 0 and p ≥ 0, picking p = ±1/2 as representatives.
As it evolves, an oscillon oscillates with a typical main frequency that is very close to but smaller than m. During each oscillation it radiates away a very small amount of axion waves, which makes it lose some energy. The remaining energy gets redistributed by a lowering of φ c and a slow increase in R osc . This forces the field to oscillate at a slightly larger frequency, but always below m. This process of radiation emission and energy redistribution continues until the field is forced to oscillate too close to m, at which point all that remains is radiated away in a final burst of axion waves of frequency ω ≈ m. Intuitively, this happens when the field reaches values at which its potential is too close to quadratic, i.e. when φ c ≈ F .
In order to qualitatively elucidate the evolution of an oscillon, the latter can also be seen as a non-perturbative object consisting of a large number N ∼ F 2 /m 2 of axion quanta [67] .
Because the field at the core explores large values, non-conserving particle number processes take place, the most important being 3 → 1, and these allow individual axion quanta to escape from the influence of the rest. This picture matches very well the one in [29, 30] , where the extreme longevity of oscillons is understood as arising from a small violation of an effective U (1) symmetry that appears in the non-relativistic limit and corresponding to particle number. This violation is responsible for particle-number violating processes; its smallness implies that such processes are not very frequent and thus that oscillons are very long lived. Numerically, this can be checked by looking at the power spectrum of the waves emitted by an oscillon far away from its core, which we show in Fig. 9 . The dominant peak at 3ω osc clearly signals that axions escape through 3 → 1 processes. However, the energy radiated through these processes is a negligible fraction of the total oscillon mass. Nonetheless, once too many axions have escaped, the remaining ones cannot generate a large enough collective coupling that self-sustains the system, at which point the oscillon finally decays.
In what follows, we present numerical results of oscillon evolution, assuming spherical symmetry and neglecting Hubble friction. Before doing so, let us therefore comment on the validity of these approximations.
Regarding the assumption of spherical symmetry, it is true that, in general, parametric resonance will not generate perfectly spherically symmetric profiles. However, there is evidence that those perturbations that break spherical symmetry decay quickly [69] . Since spherically symmetric oscillons are attractors, we do not see any reason why this result should not be general and model-independent. As for the consistency of neglecting Hubble friction, we have seen in the previous section that parametric resonance produces significant inhomogeneities after H 10 −2 m. While we have not performed the full numerical analysis of oscillon formation from parametric resonance, recent simulations with similar models [40, 41] suggest that oscillons actually form a bit later, once H 10 −3 m [41] . Since the oscillon has a characteristic size at formation
H −1 , one expects that the impact of Hubble friction on the evolution of the oscillon should be minimal. In order to support this expectation, in Fig. 7 we have plotted the first few oscillations of a p = 1/2 oscillon, including Hubble friction in the equations of motion. It is evident from Fig. 7 that for H 10 −3 m the effect of friction on the evolution of the oscillon is quite small and we can thus restrict our simulations to Minkowski space.
Let us now present the results of the numerical evolution of oscillon profiles, according to (1) . As in the previous sections, we make a distinction between p ≥ 0 and p < 0, choosing p = ±1/2 as its representatives. We find that the potential with p = 1/2 supports oscillons with a lifetime τ ≈ 3×10 where we have also included the p = 0 case to show that potentials with 0 ≤ p < 1 lead to comparable oscillon lifetimes. The values of A and σ that we used as initial conditions are
We list the values of φ c , R osc , M osc and ω osc at the time of oscillon decay for p = 1/2 and at t = 6.5 × 10 8 m −1 for p = −1/2 in Table 1 . Numerically we define R osc as that value of r such that the energy from r = 0 to r = R osc is equal to 90% of the total energy in the lattice.
In conclusion, our analysis shows that oscillons supported by the potentials (2) have the largest lifetimes ever encountered in the literature. In particular, for p > 0 we find τ ≈ 10 8 m −1 . Even more intriguing is the case of p < 0, for which we have not yet witnessed oscillon decay after t = 6.5 × 10 8 m −1 . The fact that ω osc for p = −1/2 is still well below m suggests that in this case lifetimes can be several orders of magnitude larger than what we have been able to probe so far. This hint is further supported by a simple fit to the available data.
Before moving on to the next chapter of oscillon biography, let us provide details of the numerical method which the results of this subsection are based on. We have evolved an oscillon profile with initial conditions set by (6) andφ(t = 0) = 0, using the full nonlinear equations (1). We implemented a staggered leapfrog scheme with a three-point spatial Laplacian accurate to O(dx 2 ). We kept a fixed ratio between spatial and time discretization dr = 5dt, and used Neumann boundary conditions at r = 0 and second order absorbing boundary conditions at the end of the grid. The typical sizes of the grids we have used vary between 50 and 80 units of physical distance, with dr = 0.05. While these are the typical values, we also have examples with dr = 0.01 and up to 100 units of physical distance to check stability and robustness of our numerics. Furthermore, we have checked that absorbing boundary conditions remove radiation efficiently from the lattice without introducing significant noise. We used Python to write our code and it has been benchmarked by reproducing the results in [26] .
Legacy
Let us now discuss the fate of oscillons once they decay, having in mind a cosmological setup where they are part of the DM sector.
Oscillons sustain themselves because of the field self-interactions, which are relevant at large field values and require a relativistic treatment. Localized, spherically symmetric field configurations however arise also in the non-relativistic, small amplitude regime of an oscillating axion field. These are commonly referred to as solitons and, in contrast with oscillons, are sustained by gravity. Solitons are in fact essential to the proposal of fuzzy dark matter [4, 9] (see also [44, 45] for recent critical takes), since they are supposed to make up the cores of Ultra-Light axion Dark Matter halos. Momentarily neglecting self-interactions, the soliton configuration is obtained as a solution of the non-relativistic Schrödinger-Poisson equations [45] . In fact, a whole family of solutions exist, described by a single parameter λ. The masses and core radii of these solitons are given by
with the additional requirement λ < 1. In the absence of initial conditions on M sol and/or R sol , it is not possible to predict uniquely sizes and masses of axionic gravitational solitons. It is our aim in this section to qualitatively argue that oscillons can indeed work as seeds for the later formation of gravitational solitons, thereby setting the value of M sol and thus of the parameter λ.
The argument is sharper when interactions among oscillons can be neglected. Let us thus first consider such a simplified scenario. The last stages of the oscillon evolution proceed via the emission of axion waves of momentum k R −1 osc m, where in the last step we have neglected a model-dependent (in particular p-dependent) numerical prefactor of O(0.1 ÷ 1). Due to Hubble friction, these waves lose energy; eventually they enter the non-relativistic regime and can organize themselves in a soliton structure because of gravity -falling into their own gravitational potential well. Under our simplifying assumption, the total mass carried away by the waves is equal to the original oscillon mass
Intuitively, the formation of a soliton of this mass is possible only if the velocity of the radiated waves is not larger than the escape velocity of the soliton itself. Let us estimate how the escape velocity changes with the scale factor, noticing that the initial radius of the overdensity is given by R osc ∼ m −1 . The gravitational escape velocity is then given by
where R s,osc is the Schwarzschild radius of the oscillon and M p = (8πG) −1/2 is the reduced Planck mass. The group velocity of the radiated waves is initially moderately relativistic and very rapidly follows the Hubble flow, meaning that it redshifts simply as v q ∼ k/(ma(t)) 1/a(t). In other words, the escape velocity decreases more slowly than the velocity of the radiated waves, which implies that indeed eventually the latter are captured by their own gravitational attraction. 4 This occurs of course when R osc a(t) R sol , as can be easily checked, by taking
It is useful to report the corresponding soliton radius, according to (9)
where c ∼ 0.1 ÷ 1 is a model-dependent numerical prefactor. We thus see that the soliton is parametrically much larger in size than its parent oscillon. The analysis that we have just performed is relevant in the case where interactions among oscillons are negligible. This is likely the case during the epoch of radiation domination, since oscillons just keep being further separated from each other. However, during matter domination, overdensities of oscillons grow due to gravity. In this case, gravitational interactions of oscillons can become important: for example, oscillons can merge or disrupt or even lead to the formation of black holes [62] (see Sec. 3.1 for further discussion of this possibility). As a result, it is more challenging to estimate the properties of a soliton which forms out of an overdensity of oscillons without numerical simulations. While this detailed understanding goes beyond the aim of this paper, we expect that a soliton will indeed form, possibly of much larger mass. According to (8) and (9), the resulting soliton radius can be much smaller than (11) . We will discuss in more detail how this uncertainty affects constraints on our scenario in Sec. 3.
A comment on the effects of self-interactions is now in order. The soliton solution reviewed here is indeed obtained in the non-relativistic regime of a free massive scalar. The effects of the attractive self-interactions dictated by the potentials (2) are negligible as long as they are subdominant compared to the gradient energy of the field. Self-interactions have been properly included in the non-relativistic regime by [42] : the result is that self-interactions may induce a collapse instability of the soliton, if its size is less than
In most of the parameter space which we will consider in the next section, R sol is generically quite larger than 1 pc, according to (11) , thus the corresponding soliton lies in the stable branch, where gravity dominates. However, for m 10 −19 eV and F 10 15 GeV, the soliton size can be smaller than (12) . Similarly, if multiple oscillons lead to a single soliton, its size can be smaller than (11) . In these cases the possibility of collapse driven by self-interactions cannot be entirely excluded.
Observational impact
In the previous sections we have established that oscillons can form from an homogeneous scalar field during the radiation dominated era and survive for very long epochs. We now investigate the observational implications of their presence as part of the DM sector. These certainly strongly depend on the fraction f ≡ ρ oscillons /ρ DM of scalar dark matter in the form of oscillons. As already mentioned, numerical simulations ( [25, 70] in the inflationary context for p = 1/2 and in [41] for plateau-like potentials) show that a fraction of O(1) of the energy density of the scalar field resides into oscillons after parametric resonance. However, we expect this conclusion to depend on p. In particular, f should decrease as p gets closer to unity, since after all the quadratic potential does not support oscillons. In this work, we thus mostly assume that, after parametric resonance, the energy density of the axion field is equally distributed into two components: the original oscillating homogeneous background and a population of massive oscillons. Both components behave as dark matter, albeit of very different mass.
Implications of our scenario further depend on the typical lifetime of oscillons generated by parametric resonance. In the previous section we argued that attractor configurations exist, with τ 10 8 m −1 or larger. While we do not know how many of the oscillons produced by parametric resonance are so long-lived, we provided evidence that the precise initial condition provided by the fragmentation is not expected to strongly affect the longevity of oscillons. Therefore, in what follows we assume that their typical lifetime is indeed given by the numerical results discussed in the previous section. Oscillons decay away via the radiation of scalar waves. This can in principle occur during radiation or matter domination, depending on the field mass and on the oscillon lifetime. In this section we mostly focus on the case p = 1/2, which is representative of potentials which support long-lived oscillons with τ ∼ 10 8 m −1 . In Fig. 10 , the thick vertical brown line shows the corresponding value of the ULDM mass for which oscillons decay at matterradiation (MR) equality, while the dashed brown line corresponds to stability until today. On the upper horizontal axis, values of the oscillon radius in kpc are shown. Solid black lines show the corresponding oscillons masses. In Fig. 11 we plot values of M osc and R osc for larger ULDM masses, for which oscillons decay before MR equality. Different observational constraints arise in the two mass ranges shown in Fig. 10 and in Fig. 11 . Therefore, we discuss these two scenarios separately. We devote a separate subsection to the observational impact of oscillons which survive across the age of the Universe. Before moving on however, let us comment on a general constraint which applies in the entire range of scalar field masses which we will be discussing. If we consider a light (pseudo)scalar field which exists already during cosmological inflation, then its fluctuations are of isocurvature type and are thus strongly constrained by CMB observations [71] . The magnitude of these isocurvature fluctuations compared to the scalar adiabatic power spectrum for a light scalar field is simply dictated by the Hubble rate as well as by the value of the field during inflation, which in our case is φ 0 10 F . The Hubble rate can be traded for the value of the tensor-to-scalar ratio r/0.1 10 9 (H I /M p ) 2 , the current upper bound being r 0.07 [71] , while future observations can likely probe values down to r 10 −3 . Therefore, the constraint on isocurvature fluctuations translates into an upper bound on H I or on r, if a given value of F H I is specified. It turns out that for 10 14 GeV F 10 16 GeV the ULDM scenario which we focus on in this paper requires very small values of r to evade isocurvature constraints, below the aforementioned observable range. 5 Therefore, if r is eventually measured, the ULDM scenario discussed here, with large F , will be in tension with observations (similarly as in [9] ).
Decay after MR equality
Let us first focus on the scenario in which oscillons live up to or beyond the epoch of MR equality. We fix p = 1/2 as a representative example. This scenario then occurs for m 10 −19 eV, which is the typical range of so-called ULDM candidates.
Several constraints exist for such ultra light scalars; however they are mostly derived assuming that the DM is made only by an oscillating homogeneous field with a cosine potential at MR equality. In particular, [72, 45] suggest that masses below ∼ 10 −22 eV are in tension with observations. Interestingly, the presence of oscillons seems to affect significantly these analyses. On the one hand, the constraint from [72] originates from the (otherwise) absence of early galaxies. However, the presence of oscillons means that DM already has large inhomogeneities at MR equality, which are expected to facilitate early structure formation. This suggests that the limit should be revised in this context. On the other hand, the constraint presented in [45] is based on the simulations of [8] that evolve the ULDM configuration starting from MR equality. However, again, the presence of oscillons alters significantly the initial condition at MR, so the analysis does not apply in a straightforward manner. For these reasons we do not show these constraints in Fig. 10 . ULDM masses below m ∼ 10 −25 eV are strongly constrained by the primary CMB [73] , since they alter the expansion rate, thereby affecting the heights of the higher acoustic peaks. This constraint is shown as a shaded red region in Fig 10. However, in the case of a ULDM with potential (2) and initial value φ 0 > F , this region is expected to move to larger masses, since ULDM oscillations are delayed compared to the standard axion DM case.
The allowed values of F and m are certainly constrained by dark matter overproduction. For large initial field values, the axion starts oscillating once the Hubble rate drops to H osc given in (4). Shortly afterwards, at t res 100 m −1 parametric resonance becomes effective and oscillons are formed. Therefore, the total relic abundance of the axion field can be roughly estimated by redshifting the energy density at V (φ res ) from t res to today. For the representative initial value φ 0 = 15 F , the result of this calculation is given by the thick blue where they decay after MR equality. We take the representative case φ 0 = 15 F and p = 1/2, for which the lifetime is τ 3 · 10 8 m −1 . The red-shaded area is in tension with CMB data and ULDM scalars being most of the DM [46] . The gray-grid-shaded area corresponds to oscillons with masses above 10 8 M , which we take as a rough reference exclusion value. In the orange-grid-shaded region the oscillon deaths would warm up DM too much according to the estimate of (14) . We didn't include here the constraint m (10 −23 − 10 −21 ) eV from [72, 45] because these analyses can be affected by the presence of oscillons.
line in Fig. 10 , the shaded blue region above it being excluded by DM overproduction. In our study of the oscillon evolution we have neglected the effects of gravity on the stability of the oscillon itself. This simplifying assumption is certainly valid at early times, when oscillons do not represent a large density contrast compared to the radiation dominated universe. As the Universe cools down to the epoch of MR equality however, gravity can play an important role because of two different effects:
1 An individual oscillon can be seen as an overdensity δρ osc of dark matter compared to the background homogeneous oscillating field. At formation, the density contrast is
Afterwards, the field inside the oscillon is essentially decoupled from cosmological expansion, while the background continues to redshift. Thus the density contrast δρ osc /ρ DM increases with time. Therefore, close to MR equality, oscillons individually start to experience the gravitational force, similarly to what happens in the case of the QCD axion overdensities [32] . Numerical simulations including gravity [74] , albeit in a different context, suggest that oscillons are not destabilized by gravity and can in fact have larger lifetimes than in flat space. This is at least partially supported by intuition, since gravity acts as another source of attractive interaction.
2 Oscillons can also be regarded as a dark matter component, independently of the oscillating background from which they originate. They are weakly interacting among themselves and can be very massive, (see the solid lines in Fig. 10 ). In this respect, they are similar to MACHOs, though not quite as dense since
Due to their low density, they seem to evade rather generically standard constraints on MACHOs and PBHs. However, at MR equality overdensities of oscillons start to grow (as a(t)) and gravitational interactions (e.g. merging of oscillons, tidal disruption) may become relevant and again affect oscillon lifetimes (see [66] for the effects of gravitational interactions in the non-relativistic regime).
The points above can be concretely addressed via including gravity in the evolution of a single oscillon and by simulating the dynamics of a population of oscillons. We leave these detailed studies for future work and focus here on the case in which oscillons simply decay away after a time τ ∼ 10 8 m −1 , by the radiation of axion waves with momentum k R −1 osc m. Further constraints arising from the decay products and legacy of oscillons can restrict the allowed values of F and m in Fig. 10 . However, in the case in which this decay occurs during matter domination, gravitational interactions make precise estimates challenging, as we outlined in Sec. 2.3. Therefore, here we simply point out the physical origin of those constraints, while we leave detailed estimates for future work.
Firstly, axion waves radiated from the oscillon decay are in principle warm enough to affect the good behavior of CDM at and after MR equality. However, as discussed in Sec. 2.3, such waves are likely eventually trapped in a soliton configuration. This should occur rapidly enough not to affect structure formation: one possible constraint to impose is that the transition from oscillon to soliton occurs in less than a Hubble time, i.e. R sol H −1 (τ ). As argued in Sec. 2.3, it is in fact not clear how large R sol should be. An over-conservative estimate of R sol is given by (11) and gives
This constraint is represented in Fig. 10 for τ = 10 8 m −1 by the grid-shaded orange region and should be taken with a grain of salt. As we will discuss in the next subsection, the constraint becomes more reliable when oscillons decay before MR equality: accordingly, we show it as an orange shaded region (without grid lines) in Fig. 10 . A different kind of constraint can arise from galactic observations. One the one hand, if oscillons indeed transition to solitons, the size of the latter today cannot be larger than the typical core of DM halos, that is R sol 1 kpc. Again, the uncertainty on R sol does not allow more detailed estimates and for this reason we do not show this constraint in Fig. 10 . On the other hand, oscillon or soliton masses much above 10 8 M are likely strongly constrained by observations: accordingly, we grid-shade the corresponding region in Fig. 10 . Overall, we are thus left with a region of parameter space, roughly centered around F 10 15 GeV and m ∼ 10 −22 eV, where oscillons survive up to and beyond MR equality and can seed the formation of gravitational solitons and/or of further early structures. Oscillon seeds should thus be considered as part of the initial conditions of numerical simulations of ULDM (see e.g. [8] ). In particular, such numerical analyses should be initialized with a significantly non-scale invariant power spectrum, peaked around the scale corresponding to the oscillon radii. This in principle provide the opportunity to test our scenario by comparing the results of simulations with observations of DM halos. Finally, let us spend some words on the possibility to form black holes from oscillons which decay during matter domination. This mechanism has been recently considered in the context of reheating after inflation [62] . The basic idea starts from the realization that some initial overdensity of oscillons is statistically possible. Such an overdensity would then grow during matter domination, i.e. δρ oscillon ∼ a, and can reach the critical threshold for gravitational collapse. If this occurs, a black hole is formed. In our scenario, we can think of this in the language of oscillon-to-soliton transition: in other words, the growth of oscillon overdensities simply corresponds to the fact that several oscillons fuse into a large soliton which approximately captures the total mass of the overdensity. By means of (8) and (9), we can give a rough estimate on how much mass required so that (a significant part of) the resulting soliton is a black hole. We need
Let us now express R sol in terms of M sol , according to (8) and (9) R sol = 0.082 pc × 2.8 · 10
where in the second step we have expressed length scales in units of the inverse reduced Planck mass. Plugging (16) in the inequality (15), we obtain
For m 10 −19 eV, (17) gives very large would-be black hole masses M sol 10 9 M . Black holes of these masses are constrained to make up only a small fraction of the DM by different sets of observations, see e.g. [75] . Nevertheless notice that they would form after MR equality, therefore the constraints coming from CMB anisotropies do not apply to this case. We can now also estimate the number and mass of the oscillons which would be necessary to form a black hole soliton with mass (17) . Taking m ∼ 10 −19 eV, we see in Fig. 10 that close to the solid blue line (all of the DM from the scalar waves and oscillons) the oscillons have masses M osc ∼ 10 3 M . CMB and other constraints on MACHOs do not apply in this case, since oscillons are very dilute objects. Therefore, approximately ∼ 10 6 oscillons would have to contribute to the formation of the black hole soliton. While we cannot make any further estimate of how likely this scenario is, let us notice that above the orange shaded region in Fig. 10 , the individual oscillon-to-soliton transition takes less than a Hubble time. Therefore, it might not be so implausible to have a very small, but non-negligible fraction of supermassive black holes originating from the growth of oscillon overdensities in our scenario. These estimates are of course very rough and more detailed analyses are required, nevertheless we find this scenario interesting given the potentially important observational impact of such supermassive objects (see e.g. [75] ).
Decay before MR equality
Let us now discuss some peculiarities of the scenario in which oscillons decay before MR equality. Again, we fix p = 1/2 as a representative example. Thus this scenario occurs for The shaded purple region is disfavored by CMB anisotropies and is meant to extend also to the right portion of Fig. 10 , until the brown thick line. The orange shaded region is disfavored by the production of warm dark matter during the decay of the oscillon. The gray shaded region is further constrained by black hole superradiance.
m > 10 −19 eV. We limit ourselves to the case which is most interesting for dark matter, and thus focus on m < H QCD . In order to match the observed abundance of dark matter, smaller values of F are now required. This is shown in Fig. 11 by the thick blue line. The crucial difference with respect to the previous case is that oscillon overdensities do not significantly grow during radiation domination. After parametric resonance, the typical Hubble patch contains a certain number of separated oscillons. Due to cosmological expansion, the distance between oscillons continues to increase, thus the interactions among them are negligible. Once oscillons decay, their radiated waves are quickly slowed down by Hubble expansion and thus have no possibility to interact with the decay waves of other oscillons. Therefore, the size of the resulting soliton should be well estimated by (11) and we expect the constraint given in (14) to hold. The constrained region is shown in shaded orange in Fig. 10 and Fig. 11 . Notice however that, for large enough axion masses, the waves radiated by the oscillons are redshifted enough at CMB not to affect structure formation. This occurs for m 10 −15 eV: these values of axion masses are thus unconstrained by the production of warm dark matter. A stronger constraint arises however from requiring that the soliton radius is much smaller than the Hubble patch at CMB, i.e. R sol H −1 (t eq ). In particular, we impose R sol < 10 −3 H −1 (t eq ), given the current resolution of CMB observations. The disfavored region of parameter space is shaded in purple in Fig. 11 . 6 The thick lines in the same figure show values of soliton/oscillon masses 1M , 10 −6 M and 10 −12 M from top to bottom.
Yet another source of constraints is the phenomenon of black hole (BH) superradiance [76, 77] , which apply even if the (pseudo)scalar is not all of DM. The affected mass ranges are slightly narrow windows around 10 −12 eV (from stellar mass BHs), and 10 −18 eV (from supermassive BHs, M ∼ 10 6 ), which do not appear in Fig. 10 . Self-interactions play some role in determining the excluded parameter space [76, 77, 78, 79] , which translates into cutting the excluded region for low enough F . Doing so, only the stellar mass BHs bound is marginally stronger than the DM overproduction bound, as shown in Figs. 11. It is natural, however, to ask whether the presence of oscillons can make these bounds more stringent. The oscillon-BH dynamics has been partially studied in previous works. Refs. [80, 81] show that scalar-gravity systems admit solutions of the form of an oscillon with a BH at the center. Also, Ref. [82] showed that BHs can grow a significant scalar (pseudo)scalar hair. It would be interesting to revisesuperradiance rates for this kind of BH solutions, but we are not in the position of extracting whether this can have an impact on the superradiance constraints. The parameter space extends to the mass range of the QCD axion. Let us thus spend a word on the possibility to have oscillons from the QCD axion potential. In this case, the latter can be computed in the effective chiral lagrangian approach and turns out not to support long lived oscillons. Furthermore, the initial inhomogeneous conditions are provided by the presence of topological defects in the field, if the PQ symmetry is broken after inflation. Thus significant parametric resonance is not required and indeed may be difficult to achieve [61] . The formation of oscillons from the annihilation of the QCD axion string-wall network is well known [32] . The observational implications are expected to be quite similar to the one we discussed here (see indeed for numerical studies of QCD axitons as seeds of miniclusters [35, 36] ).
Non-decaying oscillons?
Our phenomenological discussion has focused until now on the case in which oscillons have very long lifetimes, which are however quite short compared to the age of the Universe (unless m 10 −24 eV, which is however likely to be in tension with observations). We devote this section to the very intriguing possibility that oscillons can survive until today and thus directly make up a significant fraction of the dark matter. This speculation is partially supported by two different observations. On the one hand, as mentioned in the previous subsections, the lifetime of oscillons which decay after MR equality may be importantly affected by gravitational dynamics. For example, since oscillon overdensities grow during matter domination, interactions among oscillons are expected to become more relevant in this epoch. In particular, the radiation of some oscillons may end up feeding neighboring oscillons which may then have extended lifetimes. Alternatively, oscillons may even coexist with the gravitationally-bound solitons and one can envisage hybrid structures with an oscillon at the cores surrounded by a soliton. One can expect a hybrid object of this sort to be much longer lived because the radiation emitted by the oscillon is trapped inside its own gravitational well, therefore it doesn't really escape. Hybrid oscillon-soliton objects have indeed been found numerically in [74] , with infinite lifetimes in some cases.
On the other hand and more importantly for the present work, the lifetime of oscillons crucially depends on the behavior of the axion potential at large field values, i.e. on the exponent p. Until now we have focused on the representative case p = 1/2, for which we know that τ ∼ 10 8 m −1 . The same seems to hold true for any 0 ≤ p < 1. However, the situation appears to be different for p < 0, i.e. for plateau-like potentials. As discussed in Sec. 2.2, we only have a lower bound on the lifetime for the case p = −1/2, i.e. τ 6.5 · 10 8 m −1 .
It is not inconceivable that τ (p<0) 10 8 m −1 . In particular, notice that for m 10 −22 eV, 'just' τ (p<0) 7 · 10 10 m −1 is required to have oscillon stability until the current age of the in the blue shaded region, excluded by DM overproduction. The gray shaded region is further constrained by black hole superradiance [78] . The tiny mass window around 10 −18 eV which is also currently more weakly constrained by supermassive black hole superradiance for F 10 16 GeV is not shown.
Universe.
With these motivations in mind, let us consider here the scenario in which oscillons are stable until today for a wide range of phenomenologically interesting axion masses, say 10 −23 eV m 10 −5 eV. In this case, there are essentially no constraints coming from the oscillon decay into warm axions, therefore the available parameter space opens up significantly, as shown in Fig. 12 . In drawing Fig. 12 , we are essentially assuming that τ t today for every value of m. To be more concrete, the required lifetime in the mass range shown in Fig. 12 is 10 
10
(τ m) 10 26 . While this huge range seems implausible given the much shorter lifetime in the case p = 1/2, preliminary numerical results based on a simple extrapolation of numerical data for the case p = −1/2 suggest that such long lifetimes may be not so far-fetched [83] . The region where dark matter is overproduced is shown in Fig. 12 fixing p = −1/2 and φ 0 = 15 F . Its shape does not strongly depend on p, as long as p < 0. For p > 0, constraints from DM are less rigid, as shown in Figs. 10 and 11 . The oscillon mass as well as its radius are also obtained for p = −1/2 and are slightly smaller than in the case p = 1/2, according to Table 1 .
For the masses considered in Fig. 12 , oscillons always remain smaller than approximately 1 pc, therefore they are unconstrained by CMB anisotropies. We should remark that Fig. 12 is obtained neglecting gravitational interactions among oscillons, which may lead to mergers and solitons as in the previous subsections. Black holes could also form from the growth of oscillon overdensities, as we discussed in the last paragraphs of Sec. 3.1. Interestingly, in the case considered in this section, masses smaller than 10 −19 eV are allowed which could lead to lighter and observationally more viable black holes, according to (17) . While we leave more detailed estimates of oscillon lifetimes for p < 0 for future work, we cannot stop ourselves from pointing out that for a wide range of decay constants ALP dark matter may be today characterized by a large number of stable oscillons in our Hubble patch.
Conclusions
We have investigated oscillons (long-lived and localized scalar field lumps sustained by selfinteractions only) and their implications for cosmology. Our focus has been on very longlived oscillons because they arise in certain well-motivated models, and they give a significant impact on dark matter.
Oscillons are known to arise in self-interacting massive scalar field theories whenever the potential V (φ) exhibits regions which are shallower than quadratic. We find very long-lived oscillons whenever V (φ) flattens out at large field values 7 , with lifetimes reaching out to 7 A more quantitative condition on the potential for very long lived oscillons seems to be that the effective τ ∼ (10 8 − 10 9 ) m −1 or more. Benchmark possibilities are a linear or plateau behavior beyond a critical field value F . Potentials with these properties are known to arise for axion fields in compactifications of string theory and in supergravity. Another grace of these models is that they have a built-in oscillogenesis mechanism: an initial homogeneous field configuration with moderately large field value is enough to end up generating oscillons. The reason is that the homogeneous configuration suffers from parametric resonant instability once the scalar starts to (homogeneously) oscillate: field fluctuations of certain wavelengths can grow exponentially and thus lead to the fragmentation of the scalar field. This mechanism in turn provides the right ground on which oscillons can form (as confirmed by numerical simulations, see [41, 61] ). We have studied the condition under which parametric resonance is efficient and we find that the localized overdensities are indeed generated for mildly large initial values of the scalar field, not far from F .
We then numerically evolved a single oscillon configuration, according to the full nonlinear equation of motion, assuming spherical symmetry (and ignoring gravity). We provided numerical evidence that oscillons are essentially unaffected by Hubble friction, therefore we performed most of our simulations in flat space. While we confirm that oscillons radiate scalar waves during their evolution, the loss of energy due to this process can be extremely slow and thus makes the objects long-lived on cosmological scales. In particular, for potentials which go linearly at large field values, or as positive power law with exponent smaller than one, we found that oscillons live up to 10 8 oscillations (in units of the inverse scalar field mass m −1 ). These are the longest lived oscillons ever encountered to our knowledge. Even more dramatic is the case of plateau-like potentials. In this case we have not yet witnessed oscillon death and so we are only able to put a lower bound on their lifetime, τ 10 9 m −1 .
Such long lifetimes make oscillons interesting in the framework of scalar dark matter. In the observationally viable range of m, oscillons are always born during the radiation domination epoch from the oscillations of the (pseudo)scalar field. After formation, these objects can be seen as nothing else than bound states of scalar particles, and thus behave as a separate MACHO-like (albeit much less dense) dark matter component, with masses ranging from 10 −12 to 10 8 M depending on F and m. The physical radius of these objects at formation ranges from asteroid to galactic-core size and remains essentially constant during the oscillon lifetime, as the object is essentially decoupled from the Hubble flow.
mass V (φ) is not very negative anywhere in the field space. This can happen whenever i) V (φ) > 0 for all φ, or ii) in case that V (φ) < 0 somewhere, |V (φ)|/V (0) 1. One of these conditions is satisfied the benchmark models (2).
We investigated several observationally interesting implications of oscillons in the context of scalar ULDM. For one thing, if their lifetimes are shorter than the age of the Universe, oscillons can decay before or after matter-radiation (MR) equality. The impact is rather sensitive to model details. Assuming τ m ∼ 10
8 as a benchmark value for oscillon lifetimes, then m ≤ 10 −19 eV corresponds to oscillons death happening at or after MR equality. For m > 10 −19 eV and τ m ∼ 10 8 , oscillons decay before MR equality. Since at decay oscillons emit a significant amount of warm scalar radiation, this poses some threat to the ULDM model. In this respect, gravity comes to rescue because a decaying oscillon can after all be bound by its own gravitational potential, remaining kept as what is now referred to as a soliton (gravitationally-bound scalar field lump, see e.g. [42, 43, 44, 45] ). It would be interesting to further study or simulate numerically the oscillon-to-soliton transition, however this (perhaps simplified) picture already allows to estimate the observational bounds. For m < 10 −19 eV, oscillons would decay in the matter dominated era, when gravitational effects play an important role in the full evolution of the dark sector itself, therefore it is more challenging to extract clean results. While we have not performed simulations including gravity (see [66] for simulations of non-relativistic ULDM solitons during matter domination), we can speculate that the latter will actually help the stability of oscillons and extend their lifetimes. Indeed, gravity on the one hand can lead to mergers of oscillons, with the possibility of forming heavier, thus longer-lived objects; on the other hand it causes the growth of overdensities, including in the vicinity of the lumps, thereby providing a mechanism to feed the oscillons with the part of the DM that is in the form of scalar waves. Nevertheless, gravity could also induce destructive effects, such as tidal disruption. Of course the story can be much richer because gravitationally-bound solitonic structures enter into the game. For instance, hybrid objects could form, such as gravitational solitons with oscillon cores [74] that, perhaps, are longer lived than what we can estimate with flat space simulations. While this analysis goes well beyond the scope of this paper, it seems that rather robustly the presence of oscillons (in the past or until today) must be imprinted in the spectrum of DM overdensities as a peak in its spectrum of overdensities at a scale corresponding to the oscillon size, which is roughly the inverse scalar mass ∼ m −1 . This would then alter the initial conditions that need to be assumed for numerical simulations of the ULDM such as the one in [8] .
Finally, we cannot resist entertaining the option that oscillons are stable on the scale of the age of the Universe, which might be the case for plateau-like potentials. This scenario would have particularly exciting consequences: namely in this case a significant fraction of the DM today would be in the form of ancient compact objects, similar in a sense to boson stars and solitons, albeit sustained mainly by self interactions. A possible signature would be in pulsar timing arrays observatories, which can be sensitive to ULDM models as described in [84] . The signal is enhanced for denser DM sources, so a larger signal is expected from the galactic centre [85] . In case oscillons live up to today and make up a significant fraction of the DM, nearby oscillons could also lead individually to a sizeable signal. It is also interesting to consider the case of multiple species of axions with different masses and decay constants (i.e. the axiverse). The dark matter today could then be simply made up of oscillons of different sizes and masses, in striking similarity to the organization of baryonic structures around us. We presented here some basic constraints on these possibilities, while we leave the important and promising task of figuring out the ultimate fate of these oscillons for future work.
